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Preface

Welcome to Exam ALTAM!
On Exam FAM, you learned the basics of life insurance mathematics; mortality models, insurances, annuities,

premiums, and reserves. On ALTAM, we discuss more general long-term insurances. Sometimes insurance covers
more than one life. Sometimes the benefit depends on how one died. And there are other long-term products to
analyze, such as disability income and long term care. We discuss all of these products, and also discuss pricing
and analysis of profit.

Syllabus

According to the syllabus, the exam is 3 hours and will consist of 60 points of written answer questions. The topics
this exam will cover are:

1. Multistate models

2. Multiple decrement models

3. Multiple life models

4. Pensions

5. Profit tests for traditional products

6. Universal life

7. Variable annuities

The textbook for the course is Actuarial Mathematics for Life Contingent Risks third edition. This is a college-style
textbook. It is oriented towards practical application rather than exam preparation. Almost all exercises require use
of spreadsheets or derivation of formulas. The syllabus also includes a study note on variable annuities.

The syllabus splits the material into 7 topics, not quite the same as the list above, with the following weights:

Topic Weight Lessons in this manual
Survival Models for Contingent Cash Flows 10–20% 2–3, 5–6, 9–14
Premium and Policy Valuation for Long-Term State-Dependent
Coverage

12–20% 4, 7–8, 15

Joint Life Insurance and Annuities 8–16% 17–24
Profit Analysis 10–20% 28–29
Pension Plans and Retirement Benefits 10–18% 26–27
Universal Life Insurance 10–18% 30
Embedded Options in Life Insurance and Annuity Products 10–18% 31–36

The exam will have 6 questions, each of them with 3 or more parts. One of the questions will be a worksheet
question. The 6 questions are worth 60 points in total. Thus at least one of the topics will not appear, unless a single
question spans two topics.
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xiv PREFACE

Here is the distribution of number of points for the released ALTAM exams:

Spring Fall Spring Fall Spring Fall Spring
Topic Lessons 2023 2023 2024 2024 2025 2025 2026

Alive-dead model 1–4 0 0 0 0 0 10 9
Markov chains 5–9 20 21 20 11 20 7 11
Multi-decrement models 10–16 0 0 0 8 0 0 0
Multiple life models 17–25 11 4 9 2 10 10 0
Retirement benefits 26–27 9 10 10 8 10 10 10
Profit tests, traditional products 28–29 0 8 10 11 0 6 10
Universal life 30 10 8 4.5 11 11 7 10
Variable annuities 31–36 10 9 6.5 9 9 10 10
Total 60 60 60 60 60 60 60

Notes on this table:

• The Spring 2024 exam’s question 6 combined Universal Life and Variable Annuity into the first four parts of
the question, so I split the point value of those four parts between the two topics. Since the number of points
was odd, that resulted in assigning halves of points.

• In the Spring 2025 exam, question 4 could arguably be considered a multiple decrement question, but I
classified it as a Markov chain question since it didn’t use anything special about multiple decrements.

• Thiele’s equation in a single-state setting has not been tested. Thiele’s equation is part of Learning Outcome 2e,
“Identify and apply Thiele’s differential equation in a single state or multiple state setting.” (emphasis mine),
which is a part of “Multiple State Premium and Policy Valuation”.

• There are typically two questions on Markov chains. This is consistent with the syllabus, which assigns 10–20%
weight to Multiple State Survival Models and 12–20% weight to Multiple State Insurances and Annuities.
Fall 2024 is not an exception to this rule, since multi-decrement models are part of the Markov chains topic in
the syllabus.

• It may seem like the Spring 2026 exam had no questions on multiple life models, but in fact it had 2 questions
on multiple-life models. One of them was a profit test on a multiple life product and the other was a Universal
life covering two lives.

Downloads from the SOA site

At this writing, the latest syllabus posted is The Spring 2026 syllabus:

https://www.soa.org/globalassets/assets/files/edu/2026/spring/syllabi/
2026-spring-exam-altam-syllabus.pdf

but since you’ll be taking the exam after Spring 2026, you should go to the SOA site to download the latest version.
At the bottom of the syllabus are several important links:

• Formula sheet. A one-page sheet of formulas you need not memorize since you’ll get this sheet at the exam.

• Workbook tables. Standard Ultimate Life Table and other tables for the exam. You do not get a normal
distribution table since you can use Excel’s functions NORMSDIST and NORMSINV to obtain needed values.

• Notation and terminology note.

• Sample questions and solutions, both Excel and non-Excel.

At the end of each lesson there is a list of relevant sample questions. Most sample questions cover several lessons;
the reference to the sample questions is at the end of the last lesson covered by the question.
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PREFACE xv

Exercises and old exam questions in this manual

There are about 480 original exercises in the manual and about 280 old exam questions. Even though the exam is
written answer, I have retained these short answer and multiple choice questions. You will get a lot of good practice
doing these questions; they are not a waste of time. To a large extent, each multipart written answer question on the
exam is a series of short answer questions related to each other.

Questions from old exams are marked xxx:yy, where xxx is the time the exam was given, with S for spring and
F for fall followed by a 2-digit year, and yy is the question number. There was a period in the 1990s when the SOA,
while it allowed use of its old exam questions, did not want people to reveal which exam they came from. As a
result, I sometimes had study notes for old exams in this period and could not identify the exam they came from.
In such a case, I mark the question aaa-bb-cc:yy, where aaa-bb-cc is the study note number and yy is the question
number. Generally aaa is the exam number (like 150), and cc is the 2-digit year the study note was published.

The exam, however, may ask certain questions for which you will have to study separately because the exercises
don’t cover them:

1. Questions asking you to derive formulas. Most of the formula derivations are provided in this manual. Make
sure you can reproduce them.

2. Questions asking you for a list, or for some other fact. Like “Give 6 reasons that employers offer pension plans”
or “List the 6 ADLs.” Much of this information is in the manual. Some of it is in chapter 1 of the textbook.

3. Questions asking you for reasons. Like “Explain why A is less than B”, or “Without doing computation, state
with explanation whether A is less than, equal to, or greater than B”.

To help you prepare for worksheet questions on the exam, there are 36 worksheet exercises. These exercises
are not quite as large as exam worksheet questions, and concentrate on the topic covered in the lesson whereas
exam questions often integrate several topics. Still, they imitate the style of exam worksheet questions and give you
practice. The worksheet question is usually the last question in each lesson. Even if you skip other questions, I
recommend working out all the worksheet questions.

Exam LTAM, given from 2018 through 2022, had multiple choice and written answer questions but not worksheet
questions. This manual includes relevant written answer questions from LTAM, but not multiple choice questions.
The SOA sample questions include those written answer questions as well, but it may be convenient to have them
here. In that era, the word “reserve” was used for policy values as well as for reserves, and I have not changed that
terminology, so when you see the word “reserve” in the LTAM questions be aware it could mean policy value.

Change in Syllabus for 2025

For 2025, the SOA removed Retiree Health Benefits from the syllabus. ALTAM never had any question on this topic
anyway. They added the following three topics:

1. Characteristics of the mortality curve.

2. Heterogeneity of mortality.

3. Estimating mortality.

The first two of these are sections of chapter 3 of the textbook that are not on FAM. They are short topics that almost
surely will not generate calculation questions. The third topic used to be on Exam LTAM. They had a full written
answer question on this topic on the Spring 2026 exam.

Study schedule

Although this manual is large, much of it is exercises and practice exams. You do not have to do every exercise; do
enough to gain confidence with the material. With intense studying, you should be able to cover all the material in
3 months.

SOA ALTAM Study Manual—5th edition
Copyright ©2026 ASM



xvi PREFACE

Table 1: 10-Week Study Schedule for Exam ALTAM

Subject Lessons Study Period Hard/Long Lessons Easy/Short Lessons
Alive-dead Model 1–4 0.5 weeks 2
Markov Chains 5–9 2 weeks 8
Multiple Decrements 10–15 1 week 13 12
Multiple Lives 17–24 1.5 weeks 17,20
Pension 26–27 2 weeks
Profit Tests—Traditional 28–29 1 week 29
Universal Life 30 0.5 weeks
Variable Annuities 31–36 1.5 weeks

It is up to you to set up a study schedule. Different students will have different speeds and different constraints,
so it’s hard to create a study schedule useful for everybody. However, I offer a sample 10-week study schedule,
Table 1, as a guide. This study schedule omits the first lesson. which is review.

The study schedule lists lessons that are either long or hard, as well as those that are short or easy or just
background, so that you may better allocate your study time within the study periods provided for each subject.

Acknowledgements
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Errata

Please report all errors you find in these notes to the author. You may send them to the publisher at mail@
studymanuals.com or directly to me at errata@aceyourexams.net. Please identify the manual and edition the error
is in. This is the 5th edition of the SOA Exam ALTAM manual.

An errata list will be posted at errata.aceyourexams.net. Check this errata list frequently.

Flashcards

Many students find flashcards a useful tool for learning key formulas and concepts. ASM flashcards, available from
the same distributors that sell this manual, contain the formulas and concepts from this manual in a convenient
deck of cards. The cards have cross references, usually by page, to the manual.
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Lesson 2

Other Topics in Mortality

Reading: Actuarial Mathematics for Life Contingent Risks 3rd edition 3.4, 3.10

This lesson summarizes two sections of the textbook added to the syllabus for Spring 2025. This material for the
most part does not lend itself to calculation questions.

2.1 Characteristics of Life Tables

It is interesting to look at national life tables. The textbook provides summary information regarding 𝑞𝑥 from three
national tables: Australian 2010–2012, Engligh 2010–2012, and US Life Tables 2013. The most recently released U.S.
Life Table at this writing is from 2021, so we will look at that.1 Figure 2.1 shows 𝑞𝑥 from U.S. Life Table 2021 on a
log scale for males and females.

Note the following characteristics of mortality:

1. 𝑞0 is very high. Mortality immediately following birth is called perinatal mortality.

2. Mortality decreases until age 10 and then increases.

3. Male mortality is higher than female mortality at almost all ages. Interestingly, male mortality is lower than
female mortality at ages 10 and 11 in the U.S. Life Table 2021. It was close, but not lower, in the textbook’s
graph, which was based on U.S. Life Table 2013.

4. Male mortality has a hump in the 20s. This is called the accident bump.2

5. In the log-scale graph of mortality, 𝑞𝑥 is approximately linear starting at age 40, or even starting earlier for
females, whose mortality is not impacted by the accident bump. Thus Gompertz’s model works well for them.
Figure 2.2 compares U.S. Life Table 2021 male mortality to fitted Gompertz, and the fit is fairly good.3

2.2 Heterogeneity in Mortality

Mortality differs among insureds in many ways. Insurance companies develop and use distinct mortality tables for
different groups.

Some factors that distinguish mortality among insureds are:

1. Sex. Male and female mortality differ in shape and level, with male mortality being higher at all ages, as much
as twice as high in the 20s and 30s but with lower ratios at the ages below 20 and above 40. Most companies
use different mortality tables for male and female if it doesn’t violate anti-discrimination laws.

2. Smoking status. Most companies use separate smoker and nonsmoker tables.

3. Product. Mortality varies by product.

1National tables are dated based on the years the data is from. This is unlike actuarial tables, which are usually based on several years of
data and are dated based on the year in which the table was released; for example, the 2017 CSO table is based on mortality experience from
2002–2009.

2A couple of decades ago, in some mortality tables male mortality decreased at ages around 27–29, but current tables have it increasing
slowly at those ages.

3The textbook does this for U.S. Life Table 2015 and gets an even better fit.
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Figure 2.1: 𝑞𝑥 from U.S. Life Table 2021 male (Table 2) and female (Table 3), on a log scale
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Figure 2.2: U.S. Life Table 2021 male 𝑞𝑥 compared to Gompertz fitted 𝑞𝑥
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EXERCISES FOR LESSON 2 13

Three general principles apply to mortality:

1. Wealthier individuals have lower mortality than others.

2. Due to adverse selection, mortality of annuitants is lower than mortality of insurance policyholders. Although
insurance policyholders are underwritten, not everything can be caught through underwriting. A person who
buys an annuity expects to live longer.

3. The more rigorous the underwriting, the lower the mortality. Guaranteed issue policies have higher mortality
than underwritten policies. Group policies provided by employers have little or no underwriting, but the fact
the insured is working may make the insured a better risk.

The textbook provides an example that shows that in a group with smokers and nonsmokers, the majority of the
deaths may come from smokers even though smokers are the minority of the group. Here is a similar example.

Example 2A A group of insureds age 45 is 50% male, 50% female. Mortality for males follows the Standard
Ultimate Mortality Model. Mortality for females is 60% of male mortality.

None of the insureds lapse their policies within the next 5 years.
Calculate the proportion of females in the group at age 50.

Solution: For males,

5𝑝45 =
𝑙50
𝑙45

=
98,576.4
99,033.9 = 0.995380

For females, we have to calculate the 5-year survival probability by multiplying 𝑝𝑥 for 𝑥 = 45, 46, 47, 48, 49. The
following table shows the calculation:

𝑥 𝑞SUMM
𝑥 1 − 0.6𝑞SUMM

𝑥

45 0.000771 0.999537
46 0.000839 0.999496
47 0.000916 0.999450
48 0.001003 0.999338
49 0.001100 0.999340

The product of the last column is 0.997226. Assuming we start with 50 males and 50 females, at the end of 5
years, there will be 50(0.995380) = 49.7690 males and 50(0.997226) = 49.8613 females, so females will be 0.5005 of
the group. □

Exercises

These questions are provided for review. They involve no calculation.

2.1. Define “accident bump”.

2.2. Define “perinatal mortality”.
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14 2. OTHER TOPICS IN MORTALITY

2.3. You are given the following excerpt from a mortality table:

𝑥 𝑙𝑥

15 98,689
16 98,658
17 98,618
18 98,570
19 98,512
20 98,444
21 98,365
22 98,275
23 98,173
24 98,061
25 97,941
26 97,815
27 97,684
28 97,546
29 97,401
30 97,246

Determine whether this table is more likely to represent male or female mortality.

2.4. State the minimum number of mortality tables that a life insurance company should have.

Solutions

2.1. The steep rise in male mortality in the 20s.
2.2. Mortality occurring immediately after birth.
2.3. Differencing the 𝑙𝑥s to obtain 𝑑𝑥 , we see that there is no accident bump; the 𝑑𝑥s increase steadily. So this table

is probably female. In fact, it is an excerpt from U.S. Life Tables, Table 15, Life table for Black, non-Hispanic females.
In contrast, in Table 14, Life table for Black, non-Hispanic males, 𝑑𝑥 increases rapidly from ages 14-22, quite slowly
from ages 24–28, and then have a regular rate of increase for higher ages.
2.4. For insurance, we need 4 tables to take care of smoker/nonsmoker and male/female. For annuities, which

are not underwritten, we only need male/female. So a total of 6 tables are needed. Of course many more may be
needed, for example unisex for work-related insurance where one cannot discriminate by sex.
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Lesson 3

Estimating Force of Mortality

Reading: Actuarial Mathematics for Life Contingent Risks 3rd edition 18.5

Up to now, we’ve taken our mortality tables for granted. This lesson summarizes the textbook’s discussion on how
to estimate mortality rates using observed mortality data. The estimation procedure uses three items from statistics:

1. Maximum likelihood estimation, in order to estimate the force of mortality. You’ve learned maximum
likelihood estimation when you studied for FAM.

2. The Fisher information matrix, in order to estimate the variance of the maximum likelihood estimate. You
may have learned this when studying statistics.

3. The delta method, in order to convert the variance estimate of the estimate of the force of mortality into a
variance estimate of the mortality rate. You may have learned it in statistics.

Exam ALTAM occasionally asks you to carry out formula derivations. We will therefore go over the derivations
of the estimates.

We assume that force of mortality is constant between integer ages. We choose this assumption since it results
in easy-to-calculate formulas for 𝜇𝑥 and 𝑞𝑥 , whereas assuming uniform distribution of deaths between integral ages
would almost always result in the need to solve high-degree polynomials for 𝑞 requiring an iterative technique.

We know from our studies in FAM, summarized on page 3 in formulas (1.14)–(1.16), that under constant force
of mortality, 𝑡𝑝𝑥+𝑠 = 𝑝𝑡𝑥 = 𝑒−𝜇𝑥 𝑡 regardless of the value of 𝑠 as long as 𝑠 + 𝑡 ≤ 1. So the likelihood of an individual
surviving from time 𝑥 + 𝑠 to time 𝑥 + 𝑠 + 𝑡 is independent of 𝑠 as long as 𝑠 + 𝑡 ≤ 1. We can ignore 𝑠. And the density
function of mortality is 𝑡𝑝𝑥+𝑠 𝜇𝑥+𝑠+𝑡 = 𝑒−𝜇𝑡𝜇, once again independent of 𝑠 as long as 𝑠 + 𝑡 ≤ 1. So in compiling
our data for a single age, for each individual in the study, we only need (𝑡𝑖 , 𝛿𝑖), where 𝑡𝑖 is the amount of time the
individual spent in age 𝑥 and 𝛿𝑖 is an indicator of whether death occurred: 1 if the individual left the study by
death, 0 if the individual left the study by withdrawing or by reaching the next age. Here are some examples of this
coding. Suppose we’re evaluating age 40 mortality. Then

Age at Age at Age
issue of policy surrender of policy at death (𝑡𝑖 , 𝛿𝑖)

39 69 — (1,0)
39 — 69 (1,0)
39 40.6 — (0.6,0)
39 — 40.6 (0.6,1)

40.2 50 — (0.8,0)
40.3 40.6 — (0.3,0)
40.2 — 40.8 (0.6,1)

𝑡 is called waiting time1. The likelihood of a set of 𝑛 observations is

𝑛∏
𝑖=1

𝑡𝑖𝑝𝑥𝜇
∑𝑛
𝑖=1 𝛿𝑖

𝑥 = 𝑒−𝜇𝑥
∑𝑛
𝑖=1 𝑡𝑖𝜇

∑𝑛
𝑖=1 𝛿𝑖 = 𝑒−𝜇𝑥 𝑡𝑥𝜇𝑑𝑥𝑥

1This is the name the textbook gives 𝑡𝑖 , but it is a strange name; what are we waiting for, death? I think a better name for 𝑡𝑖 is exposure, and
the textbook itself mentions the name exposure later on.
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16 3. ESTIMATING FORCE OF MORTALITY

where 𝑡𝑥 is total waiting time for the entire group of observations2 and 𝑑𝑥 is number of deaths in the group.
Maximizing as a function of 𝜇𝑥 by logging, differentiating, and setting derivative equal to 0, we get

𝑙(𝜇𝑥) = −𝜇𝑥𝑡𝑥 + 𝑑𝑥 ln𝜇𝑥
d𝑙

d𝜇𝑥
= −𝑡𝑥 +

𝑑𝑥

𝜇𝑥
= 0 (*)

𝜇̂𝑥 =
𝑑𝑥

𝑡𝑥
(3.1)

Then the estimator for the mortality rate is
𝑞̂𝑥 = 1 − 𝑒−𝑑𝑥/𝑡𝑥 (3.2)

To obtain an estimate of the variance of 𝜇̂𝑥 , we use the inverse of the Fisher information matrix. The Fisher
information matrix is negative the expected value of the second derivative of the loglikelihood function. Since
we want the expected value, we use the random variables for waiting time and number of deaths to calculate the
derivatives rather than the observed values. Let 𝑇𝑥 be the random variable for waiting time and 𝐷𝑥 the random
variable for number of deaths. Then the first derivative, which we calculated for the actual data in (*):, is

d𝑙
d𝜇𝑥

= −𝑇𝑥 +
𝐷𝑥

𝜇𝑥

The Fisher information matrix, the negative of the second derivative, is

− d2𝑙

d𝜇2
𝑥

=
𝐷𝑥

𝜇2
𝑥

The estimated variance of 𝜇̂𝑥 is then the inverse of the Fisher information matrix, 𝜇2
𝑥/𝐷𝑥 . We use 𝑑𝑥 as an estimate

of 𝐷𝑥 and we use our estimate of 𝜇𝑥 , 𝑑𝑥/𝑡𝑥 , to obtain

V̂ar(𝜇̂𝑥) =
𝑑𝑥

𝑡2𝑥
(3.3)

To obtain an estimate of the variance of 𝑞̂𝑥 , we use the delta method, which says

V̂ar
(
𝑔(𝑋)

)
=

(
d𝑔
d𝑥

)2

Var(𝑋)

where the derivative is evaluated at the mean of 𝑋. Here 𝑞𝑥 = 1 − 𝑒−𝜇𝑥 so 𝑔(𝑥) = 1 − 𝑒−𝑥 with derivative 𝑒−𝑥 , so

V̂ar(𝑞̂𝑥) =
(
𝑔′(𝜇̂𝑥)

)2 Var(𝜇̂𝑥) = 𝑒−2𝜇̂𝑥 𝑑𝑥

𝑡2𝑥
= 𝑒−2𝑑𝑥/𝑡𝑥 𝑑𝑥

𝑡2𝑥
(3.4)

If, instead of assuming the force of mortality is piecewise constant, we would rather construct a continuous force
of mortality, we may use graduation techniques, such as kernel density smoothing3 to smooth it. We would start
the graduation with 𝜇𝑥+0.5 = 𝑑𝑥/𝐸𝑐𝑥 .

Waiting time is also called central exposed to risk, written as 𝐸𝑐𝑥 . Traditionally, actuaries preferred an estimator of
𝑞𝑥 of the form 𝑑𝑥/𝐸𝑥 . Now, we can’t use number of deaths divided by central exposed to risk. For example, if there
are 100 lives aged 40 and 1 of them dies at age 40.6, then the observed 𝑞40 is 0.01, yet dividing number of deaths
(1) by central exposed to risk (99.6) would result in the estimate 1/99.6, which is greater than 0.01. So actuaries
defined 𝐸𝑥 , initial exposed to risk. According to the textbook4 the actuarial estimator defines initial exposed to risk
as 𝐸𝑐𝑥 + 𝑑𝑥/2. If we assume uniform distribution of deaths between integral ages, the average death occurs in the
middle of the year, so adding half a year for each death “corrects” the underestimate of exposure. Thus the actuarial
estimate of 𝑞𝑥 according to the textbook is actuarial estimator

2Since 𝑡𝑥 is waiting time, the textbook uses the notation 𝑤𝑥 for what we are calling 𝑡𝑥 , and later on when we use 𝑇𝑥 it uses𝑊𝑥 .
3or, more likely for actuaries, splines
4This is not really the actuarial estimator, but is approximately equal to it.
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3. ESTIMATING FORCE OF MORTALITY 17

𝑞̃𝑥 =
𝑑𝑥

𝐸𝑐𝑥 + 𝑑𝑥/2
(3.5)

However, this estimator is based on inconsistent assumptions; the force of mortality is assumed to be constant
between integer ages but 𝑞̃𝑥 is derived from 𝜇̂𝑥 assuming UDD, assuming that the average death occurs half-way
through the year.

Example 3A For a mortality study over the period January 1,2019–December 31,2020:
(i) 500 lives born in 1979 were in the study for the entire two years.

(ii) 1 life born on May 1, 1978 was in the study for the entire period.
(iii) 1 life born on July 1, 1978 left the study on March 1, 2019.
(iv) 1 life born on May 1, 1979 left the study on September 1, 2019.
(v) 1 life born on March 1, 1980 was in the study for the entire period.

(vi) 1 life born on August 1, 1980 died on December 1, 2020.
Treat one month as 1/12 of a year.

1. Calculate the central exposed to risk and the resulting estimate of 𝑞40 assuming constant force of mortality
between integer ages.

2. Calculate the actuarial estimate of 𝑞40.

Solution: We’ll go through the lives of the study and at the end of each line we will use (𝑡𝑖 , 𝛿𝑖) notation for the
waiting time of each life.

1. Going through the lives in the study:

(i) The 500 lives born in 1979 are in the study for the entire year of age 40 and so contribute 500 waiting
time. (1, 0) for each life.

(ii) The life born on May 1, 1978 is in the study at age 40 from January 1, 2019 to May 1, 2019, or 1/3 of a
year. (1/3, 0)

(iii) The life born on July 1, 1978 is in the study at age 40 from January 1, 2019 to March 1, 2019, or 1/6 of
a year. (1/6, 0)

(iv) The life born on May 1, 1979 is in the study at age 40 from May 1, 2019 to September 1, 2019, or 1/3
of a year. (1/3, 0)

(v) The life born on March 1, 1980 is in the study at age 40 from March 1, 2020 to December 31, 2020, or
5/6 of a year. (5/6, 0)

(vi) The life born on August 1, 1980 is in the study at age 40 from August 1, 2020 to December 1, 2020, or
1/3 of a year. (1/3, 1)

Central exposed to risk is 500+ 1/3+ 1/6+ 1/3+ 5/6+ 1/3 = 502 . The resulting estimate of 𝑞40 is 1− 𝑒−1/502 =

0.001990049 .

2. According to the textbook, add half the number of deaths, or 1/2, to the central exposed to risk, 502. The
actuarial estimate is 1/502.5 = 0.001990050 . □
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18 3. ESTIMATING FORCE OF MORTALITY

Table 3.1: Summary of Formulas

Estimate of 𝜇𝑥 :

𝜇̂𝑥 =
𝑑𝑥

𝑡𝑥
(3.1)

Variance of estimate of 𝜇𝑥 :

V̂ar(𝜇̂𝑥) =
𝑑𝑥

𝑡2𝑥
(3.3)

Estimate of 𝑞𝑥 :
𝑞̂𝑥 = 1 − 𝑒−𝑑𝑥/𝑡𝑥 (3.2)

Variance of estimate of 𝑞𝑥 :

V̂ar(𝑞̂𝑥) = 𝑒−2𝑑𝑥/𝑡𝑥 𝑑𝑥
𝑡2𝑥

(3.4)

Actuarial estimate of 𝑞𝑥 :

𝑞̃𝑥 =
𝑑𝑥

𝐸𝑐𝑥 + 𝑑𝑥/2
(3.5)

Exercises

3.1. A person born on 3/1/1994 buys an insurance policy on 9/1/2016 and withdraws on 8/1/2021.
A mortality study is conducted for calendar year 2021.
Calculate the waiting time used for estimating 𝜇̂27

3.2. A person born on 3/1/1993 buys an insurance policy on 9/1/2016 and withdraws on 8/1/2021.
A mortality study is conducted for calendar year 2021.
Calculate the waiting time used for estimating 𝜇̂27

3.3. For a calendar year mortality study for 2022 based on insurance inforce, you are given the following
data:

Person Date of Birth Policy Issue Date Date of Termination Cause of Termination
1 6/1/1981 5/1/2019 — —
2 1/1/1982 5/1/2019 10/1/2022 surrender
3 4/1/1982 6/1/2022 10/1/2022 death
4 6/1/1982 3/1/2010 — —

Persons are not observed before policy issue date.
Calculate the estimated force of mortality 𝜇̂40 assuming constant force between integer ages.

3.4. You are given the following data from a mortality study, in the form (𝑡𝑖 , 𝛿𝑖), for age 𝑥:

(0.72,0) (0.44,0) (1.00,0) (0.85,1) (0.17,0) (1.00,0) (0.20,0) (0.38,0) (0.58,1), (1.00,0)

Assume constant force of mortality.
Calculate the approximate variance of the maximum likelihood estimate of 𝜇𝑥 .
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3.5. In a mortality study, we assume a constant force of mortality between integer ages. We observe 8
deaths at age 60. The resulting maximum likelihood estimate of 𝑞60 is 0.01054.

Determine the central exposed to risk.
Use the following information for questions 3.6 and 3.7:

In a mortality study on age 55:
(i) 300 individuals enter the study at age 55.

(ii) 4 individuals withdraw at age 55.2.
(iii) 1 individual dies at age 55.3.
(iv) 10 individuals enter at age 55.6.
(v) 1 individual dies at age 55.7.

(vi) 8 individuals withdraw at age 55.8.

3.6. Assuming constant force of mortality between integer ages, calculate the maximum likelihood
estimate of 𝑞55.

3.7. Calculate the actuarial estimate of 𝑞55, based on the textbook.

3.8. For a calendar year mortality study from 1/1/2019 to 12/31/2021:

(i) 25 individuals born on 7/1/1959 were issued policies on 3/1/2020. One of them withdrew on
5/1/2020.

(ii) 5 individuals born on 4/1/1960 were issued policies before 1/1/2019. One of them withdrew on
10/1/2020 and one died on 5/1/2021.

(iii) 1 individual born on 10/1/1960 was issued a policy on 2/1/2019 and died on 1/1/2021.

𝑞60 is estimated by assuming that force of mortality in constant between integer ages.
Treat one month as 1/12 of a year.
Estimate the variance of the estimate of 𝑞̂60,

3.9. For a study on 400 individuals age 65, you observe the following (𝑡𝑖 , 𝛿𝑖):

(0.77,1) (0.38,0) (0.55,0) (0.62,0) (0.18,1) (0.92,0) (0.78,0) (0.43,1) (0.31,0) (0.06,0)

All others remain in the study for a full year.
Assume constant force of mortality for the year.
Construct a 95% log-transformed confidence interval for 𝑞65.

3.10. An actuary observed a sample of 1000 policyholders during the interval from age 30 to age 31 and
found that 98 of them died in this age interval.

Based on the assumption of a constant hazard rate in this age interval, the actuary obtained a maximum
likelihood estimate of 0.100 for the conditional probability that a policyholder alive at age 30 dies before
age 31.

Calculate the estimate of the variance of this maximum likelihood estimator, using the delta method.

(A) 0.000079 (B) 0.000083 (C) 0.000086 (D) 0.000092 (E) 0.000097

Additional old SOA Exam ALTAM questions: F25:4, S26:1
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20 3. ESTIMATING FORCE OF MORTALITY

Solutions

3.1. The person became age 27 from 3/1/2021 and withdrew from the study on 8/1/2021, so waiting time is
5 months .
3.2. The person became age 27 from 3/1/2020 and enters the study on 1/1/2021. The person becomes age 28 on

3/1/2021. So waiting time is 2 months .
3.3. Age 40 waiting time in 2012 is 5 months for the first policy, 9 months for the second, 4 months for the third,

and 7 months for the fourth. Total central exposed to risk is 25 months or 25/12 years, and 𝜇̂40 = 12/25 .
3.4. Central exposed to risk is 0.72 + 0.44 + 1.00 + · · · + 0.58 + 1.00 = 6.34. There are 2 deaths. The variance of 𝜇̂ is

2/6.342 = 0.04976 .
3.5. 1 − 𝑒−8/𝐸𝑐60 = 0.01054

𝑒−8/𝐸𝑐60 = 0.98946
8
𝐸𝑐60

= − ln 0.98946 = 0.01060

𝐸𝑐60 =
8

0.01060 = 755

3.6. Central exposed to risk may be calculated starting with 300 for the initial population and then canceling or
adding exposure based on withdrawals, deaths, and entries. We subtract 4(0.8) = 3.2 for those who withdraw at
age 55.2, and subtract 0.7 for the death at age 55.3. We add 10(0.4) = 4 for the entries at age 55.6. We subtract 0.3 for
the death at age 55.7. We subtract 8(0.2) = 1.6 for the withdrawals at age 55.8.

𝐸𝑐55 = 300 − 3.2 − 0.7 + 4 − 0.3 − 1.6 = 298.2

Then 𝑞̂55 = 1 − 𝑒−2/298.2 = 0.00668447 .
3.7. According to the textbook, we add half the number of deaths, or 1, to the central exposed to risk; 298.2 + 1 =

299.2.
𝑞̃55 =

2
299.2 = 0.00668449

3.8. Waiting time at age 60 for the first group of 25 is 4 months apiece, except for the one who withdrew for whom
it is 2 months. For the group of 5 individuals, there are 12 months of waiting time, including from the one who
died, except for the one who withdrew who provides 6 months of waiting time. For the third group of 1 individual,
waiting time is 3 months. Central exposure to risk in months is 24(4) + 2 + 4(12) + 6 + 3 = 155. There is one death at
age 60, namely the individual from the third group. The death from the second group is at age 61 and therefore is
not relevant to 𝑞60. The estimate of the variance of 𝑞̂60 is

Var(𝑞̂60) = 𝑒−2(12/155)
(

1
(155/12)2

)
= 0.00513397

3.9. Central exposed to risk is 390 for the lives who were in the study for the full year, plus:

0.77 + 0.38 + 0.55 + · · · + 0.31 + 0.06 = 5

for a total of 395.

𝑞̂65 = 1 − 𝑒−3/395 = 0.007566

V̂ar(𝑞̂65) = 𝑒−6/395 3
3952 = 0.0000189378√

V̂ar(𝑞̂65) = 0.004352
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𝑝̂65 = 0.992434

The log-transformed confidence interval for 𝑝65 is

𝑈 = exp
(

1.96(0.004352)
0.992434 ln 0.992434

)
= 0.322515

(𝑆1/𝑈 , 𝑆𝑈 ) = (0.9924341/0.322515 , 0.9924340.322515) = (0.976726, 0.997554)

So the log-transformed confidence interval for 𝑞65 is (0.0024, 0.0233) .
3.10. We need the central exposed to risk 𝐸𝑐30 in order to use formula (3.4). From the estimate of 0.1, we have

1 − 𝑒−98/𝐸𝑐30 = 0.1

𝑒−98/𝐸𝑐30 = 0.9
98
𝐸𝑐30

= − ln 0.9

𝐸𝑐30 = − 98
ln 0.9 = 930.14

Then, since 𝑒−𝑑30/𝐸𝑐30 = 1 − 𝑞̂30,

Var(𝑞̂30) = 𝑒−2𝑑30/𝐸𝑐30
𝑑30

(𝐸𝑐30)2
= 0.92 98

930.142 = 0.00009175 (D)
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776 PART VII. PRACTICE EXAMS

Here are 7 practice exams to help you test your knowledge, and to pinpoint areas you are weak in so you will
know what to review.

The actual exam will have 60 points of questions and will allow 3 hours. There will be one worksheet questions
and five other questions. The first question is a worksheet question. Thus the questions are not in order of topic nor
in order of difficulty. The exams are not in order of difficulty either.

The worksheet questions on the practice exam attempt to imitate the exam style in length, worksheet formatting,
style, and difficulty. You can download the worksheet file by clicking the link or accessing them through Actuarial
University.

On the actual exam the solution to the worksheet question should be entered on the worksheet. This appears
to imply that worksheet questions will not involve derivations or proofs of formulas, since it is rather tedious to
write formulas in Excel; I wonder whether the worksheet program you get on an exam even has an equation editor.
Nevertheless, a part of one of the worksheet questions provided here requires derivation of a formula, and of course
you should do it on paper. While that part of the question would not be realistic for an exam, it will give you some
practice working with the concepts.

Have fun working out these exams!
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Practice Exam 1

1. [Worksheet question] (13 points) The workbook can be downloaded here.
For a fully discrete whole life insurance policy on (50) with face amount 100,000:

(i) Reserves are computed using the full preliminary term method, with mortality equal to the Standard
Ultimate Mortality Model and 𝑖 = 0.04.

(ii) Gross premium is 1200.
(iii) The assumed independent mortality rate is 80% of the Standard Ultimate Mortality Model.
(iv) The assumed independent surrender rate is 10% in the first year, 4% in other years. All surrenders

occur at the end of the year.
(v) The cash surrender value equals the reserve.

(vi) The profit test interest rate is 0.06.
(vii) Expenses are 90% of gross premium in the first year, 6% of gross premium in years 2–10, and 3% of

gross premium in year 11 and later.
(viii) 80% of first year premium is considered a precontract expense.

A profit test is performed. Only the first 30 years are included in the profit test.

(a) (2 points) The full preliminary term premium is 1388.22575. Calculate the reserves at times 1–30 using
forward recursion, starting at time 0. You should get 30𝑉 = 52,714.

(b) (3 points) Calculate profits and the profit signature for years 0–30. You should get Π30 = 256 to the
nearest integer.

(c) (2 points) The risk discount rate is 10%.
(i) Calculate the NPV.

(ii) Calculate the profit margin.
(d) (2 points) The reserve at time 29 is zeroized with respect to profit in year 30.

Calculate the revised NPV.
(e) (2 points) For a portfolio of 1000 policyholders who own this policy at time 4, 1 dies and 30 surrender

the policy in the fifth year. Expenses are 80,000. The company earns 5.8% on its investment portfolio.
Calculate the gain in year 5 for this block of business.

(f) (2 points) Suppose that the cash surrender value at time 𝑡 was 0.1𝑡 times the reserve for 𝑡 < 10, and
equal to the reserve for 𝑡 ≥ 10. Assume this change has no effect on surrender rates. Without doing
calculations:

(i) State with reasons whether this change would increase the NPV, decrease the NPV, or have no
effect on NPV.

(ii) State with reasons whether this change would increase the gain in year 5, decrease the gain in
year 5, or have no effect on the gain in year 5.
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778 PRACTICE EXAM 1

2. (10 points) A disability insurance is modeled with a 4-state Markov chain having the following
states:

0: Healthy
1: Disabled
2: Surrendered
3: Dead

Nonzero forces of transition for 𝑥 < 150, where 𝑥 is age, are

𝜇01
𝑥 =

0.5
150 − 𝑥

𝜇02
𝑥 =

0.4
150 − 𝑥

𝜇03
𝑥 =

0.1
150 − 𝑥

𝜇13
𝑥 = 0.05

As a result of these forces of transition,

𝑡𝑝
00
𝑥 =

150 − 𝑥 − 𝑡
150 − 𝑥 0 ≤ 𝑥 < 150

(a) (2 points) Calculate the probability that a person healthy at age 50 will become disabled within 10 years.
(b) (2 points) Calculate the probability that a person healthy at age 50 will be disabled at age 60.
(c) (3 points) A disability insurance pays 40,000 per year continuously while an individual is disabled until

the individual’s 70th birthday.
Calculate the actuarial present value at 𝛿 = 0.05 of a policy sold to a healthy individual age 50.

(d) (3 points) A disability insurance pays 40,000 per year continuously while an individual is disabled until
the individual’s 70th birthday. Benefits are subject to a 6 month waiting period.
Calculate the actuarial present value at 𝛿 = 0.05 of a policy sold to a healthy individual age 50.
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3. (8 points) An individual age 𝑥 is subject to a serious disease. The individual’s status is modeled
using these three states;

0: Healthy
1: Diseased
2: Dead

Forces of transition between states are

𝜇01
𝑡 = 0.02 𝜇02

𝑡 = 0.01 𝜇10
𝑡 = 0.20 𝜇12

𝑡 = 0.35

The effective annual rate of interest is 0.05.
Use Euler’s method with step 0.5 to solve Kolmogorov’s forward equations for the state probabilities for

the first two years.

(a) (2 points) Using approximate probabilities, calculate ¥𝑎(2)00
𝑥:2 .

(b) (2 points) Using Woolhouse’s formula to two terms, calculate ¥𝑎(12)00
𝑥:2 .

Forces of transition for the first two years are estimated assuming constant forces of transition within each
year, and using the following data:

• 92 lives in state 0 remained in state 0 for 2 years.
• 2 lives in state 0 died, one at time 0.8 and one at time 1.5.
• 3 lives in state 0 moved to state 1 at times 0.8, 1.2, 1.6. They all stayed there to time 2.
• 8 lives in state 1 remained in state 1 for 2 years.
• 2 lives in state 1 moved to state 0, one at time 0.4 and one at time 1.8. They all stayed there to time 2.
• 4 lives in state 1 died at times 0.3, 0.6, 1.2, 1.7

(c) (2 points)
(i) Estimate 𝜇01

𝑥 and 𝜇01
𝑥+1.

(ii) Estimate the standard deviations of the estimates of 𝜇01
𝑥 and 𝜇01

𝑥+1.
(d) (2 points) Using estimates of the forces of transition, calculate the probability of staying healthy for 2

years.
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4. (8 points) For two independent lives:

(i) The first life is subject to a force of accidental death of 0.01 and a force of death due to other causes
of 0.03.

(ii) The second life is subject to a force of accidental death of 0.005 and a force of death due to other
causes of 0.02.

(iii) 𝛿 = 0.04

(a) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the first death if the
death is by accident.

(b) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if the
death is by accident.

(c) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if
both deaths were by accident.

(d) (2 points) Calculate the actuarial present value of an insurance paying 1000 upon the second death if
the second life dies second.

5. (9 points) An equity-linked insurance is issued to a life age 60. It matures at age 65. It has the
following features:

(i) No front-end load.
(ii) A management charge of 2% of the fund value, deducted at the beginning of each year.

(iii) A surrender charge of 4%, 3%, 2%, 1% of the fund value in years 1, 2, 3, 4 respectively.

Upon death, the surrender charge is waived. The death benefit is paid at the end of the year.
You are given:

(i) Mortality rate is 𝑞60+𝑡 = 0.006 + 0.001𝑡, 𝑡 = 0, 1, 2, 3, 4.
(ii) Independent surrender rate is 0.03 each year for the first 4 years.

(iii) Surrenders occur at the end of the year.

A single premium of 100,000 is paid.

(a) (1 point) The value of the waiver of the surrender charge may be evaluated as a decreasing insurance at
a certain interest rate.
Determine the interest rate.

(b) (2 points) Calculate the value at issue of the waiver of the surrender charge.

For part (c) only, use the following information:
The company adds a GMMB to the policy. 110% of the fund is paid at maturity.

(c) (2 points) Calculate the value at issue of the GMMB.

For parts (d)–(e) only, use the following information:
The company enhances the GMDB. 120% of the fund is paid at the end of the year of death.

(d) (2 points) Calculate the value at issue of the enhanced GMDB, including the value of the waiver of the
surrender charge.

(e) (2 points) Calculate the portion of the management charge, as a level percentage of the fund value,
needed to fund the GMDB.
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6. (11 points) In a defined contribution plan, the employer and employee each contribute 3% of salary
at the end of each year. You are given:

(i) Salaries increase 4% each year.
(ii) The pension fund earns 5% effective interest each year.

Vera enters the plan at age 30 at 70,000 salary. At retirement at age 65, Vera will convert the fund into a
monthly whole life annuity-due priced with the following assumptions:

• Mortality follows the Standard Ultimate Mortality Model.
• 𝑖 = 0.05
• Woolhouse’s formula to two terms is used for fractional payments.

(a) (3 points) Calculate the replacement ratio.
(b) (3 points) For this part only, assume that Vera’s salary increases 3% each year for the first 5 years, and

4% each year thereafter.
Calculate the replacement ratio if retirement occurs at age 65.

(c) (3 points) For this part only, assume that the pension fund earns 6% effective interest in all years.
Calculate the replacement ratio if retirement occurs at age 65.

(d) (2 points) Vera dies at age 55. Her husband, age 50, inherits the fund and purchases a monthly whole-life
annuity-due. The assumptions used to calculate the single premium for this annuity are the same as the
assumptions used by Vera.
Calculate the monthly benefit paid by the annuity.

Solutions to the above questions begin on page 821.
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Appendix A. Solutions to the Practice Exams

Practice Exam 1

1. The workbook solution can be downloaded here.
(a) [Section 1.5] We use the recursive formula

𝑡𝑉 =
(𝑡−1𝑉 + 𝑃)(1 + 𝑖) − 100,000𝑞50+(𝑡−1)

1 − 𝑞50+(𝑡−1)

Under FPT, 1𝑉 = 0.
(b) [Section 28.2] We calculate pricing mortality and then fill in the columns of the profit test.
(c) [Section 28.3] We used the Excel NPV function. When using it, you must multiply the result by 1+ 𝑟, because

Excel discounts payment 𝑡 for 𝑡 years and we need to discount it 𝑡 − 1 years. For premiums we multiplied
premiums by survival probabilities and discount rates (so the NPV function, which doesn’t consider survival
probabilities, wouldn’t work).

(d) [Section 28.4] We subtract the profit for year 30 divided by 1 + 𝑖 = 1.06 from the initial reserve, which makes
30th year profit equal to 0 and increases 29th year profit. Then we calculate the NPV of the revised profit
signature.

(e) [Lesson 29] We calculate actual profit for the entire block (1000 policies); expenses for the entire block are
80,000, so policy-by-policy actual profit cannot be calculated. Then we subtract 1000 times expected profit per
policy to obtain gain.

(f) [Lesson 29]
(i) Cash flows for years 2–10 would increase due to the surrender charge, increasing profits and therefore

increasing NPV.
(ii) The gain in year 5 would decrease. There are about 10 surrenders less than expected, so the company

would not get the surrender charge for those policies.

2. (a) [Section 6.1] ∫ 10

0
𝑡𝑝

00
50 𝜇

01
50+𝑡 d𝑡 =

∫ 10

0

(
100 − 𝑡

100

) (
0.5

100 − 𝑡

)
d𝑡

=

∫ 10

0

0.5 d𝑡
100 = 0.05

(b) [Section 6.1] ∫ 10

0
𝑡𝑝

00
50 𝜇

01
𝑡0+𝑡 10−𝑡𝑝

11
50+𝑡 d𝑡 =

∫ 10

0

(
100 − 𝑡

100

) (
0.5

100 − 𝑡

)
𝑒−0.05(10−𝑡) d𝑡

= 0.005𝑒−0.5
∫ 10

0
𝑒0.05𝑡d𝑡

=
0.005𝑒−0.5

0.05 (𝑒0.5 − 1) = 0.039347
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